Influence of Primary Gage Sensitivities on 
the Convergence of Balance Load Iterations 


N. Ulbrich* 

Jacobs Technology Inc., Moffett Field, California 94035-1000 

The connection between the convergence of wind tunnel balance load itera- 
tions and the existence of the primary gage sensitivities of a balance is discussed. 
First, basic elements of two load iteration equations that the iterative method 
uses in combination with results of a calibration data analysis for the predic- 
tion of balance loads are reviewed. Then, the connection between the primary 
gage sensitivities, the load format, the gage output format, and the convergence 
characteristics of the load iteration equation choices is investigated. A new 
criterion is also introduced that may be used to objectively determine if the 
primary gage sensitivity of a balance gage exists. Then, it is shown that both 
load iteration equations will converge as long as a suitable regression model is 
used for the analysis of the balance calibration data, the combined influence of 
non-linear terms of the regression model is very small, and the primary gage 
sensitivities of all balance gages exist. The last requirement is fulfilled, e.g., if 
force balance calibration data is analyzed in force balance format. Finally, it is 
demonstrated that only one of the two load iteration equation choices, i.e., the 
iteration equation used by the primary load iteration method, converges if one 
or more primary gage sensitivities are missing. This situation may occur, e.g., if 
force balance calibration data is analyzed in direct— read format using the origi- 
nal gage outputs. Data from the calibration of a six— component force balance is 
used to illustrate the connection between the convergence of the load iteration 
equation choices and the existence of the primary gage sensitivities. 
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= axial force 

= coefficient of the regression model of a gage output, defined in Ref. [1], Eq. (3.1.3) 
= square matrix; consists of linear terms that are on the principal diagonal of C 
= square matrix; consists of linear terms that are not on the principal diagonal of C 
= coefficient of the regression model of a gage output, defined in Ref. [1], Eq. (3.1.3) 
= regression coefficient matrix; saves regression coefficients of fitted gage outputs 
= square matrix; consists of linear terms of matrix C 

= rectangular matrix; consists of absolute value and non-linear terms of matrix C 
= coefficient of the regression model of a gage output, defined in Ref. [1], Eq. (3.1.3) 
= part of matrix G that consists of loads 

= load matrix; saves regressors used for the least squares fit of gage outputs 
= part of matrix G that consists of absolute value and non-linear terms 
= index of a gage output -or- index of a primary gage load 
= index of a load component 
= index of a load component 
= capacity of a primary gage load of a balance 
= number of load components of a balance 
= total normal force 
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normal force at the forward normal force gage of the balance 
normal force at the aft normal force gage of the balance 
distance between the normal force gages of the balance 

percent contribution of a coefficient of the regression model of a gage output 

total pitching moment at the balance moment center 

pitching moment at the forward pitching moment gage of the balance 

pitching moment at the aft pitching moment gage of the balance 

distance between the side force gages of the balance 

strain-gage output difference vector 

output of the forward normal force gage 

output of the forward pitching moment gage 

output of the aft normal force gage 

output of the aft pitching moment gage 

output of the forward side force gage 

output of the forward yawing moment gage 

output of the aft side force gage 

output of the aft yawing moment gage 

output of the rolling moment gage 

output of the axial force gage 

transformed gage outputs 

rolling moment 

total side force 

side force at the forward side force gage of the balance 
side force at the aft side force gage of the balance 
total yawing moment 

yawing moment at the forward yawing moment gage of the balance 
yawing moment at the aft yawing moment gage of the balance 


£ 


= iteration step index 


I. Introduction 

Different approaches are used in wind tunnel testing to predict wind tunnel balance loads from the 
measured electrical output of strain-gages. The so-called Iterative Method is often selected because it closely 
follows the experimental approach that is used to calibrate a strain-gage balance. The Iterative Method 
derives a regression model from calibration data such that the calibration loads are treated as “applied” or 
“independent” variables and the strain-gage outputs are treated as “measured” or “dependent” variables. 
Therefore, as loads are the “independent” variables of the regression analysis problem, load iterations have 
to be performed so that loads can be predicted from the measured gage outputs during a wind tunnel test 
(see Refs. [1] and [2] for a detailed discussion of the Iterative Method and the load iteration process). 

The balance load iterations may or may not converge depending on (i) the quality and format of the 
original calibration data set and (ii) the regression model of the gage outputs. Therefore, it is critical to 
understand factors that influence the convergence characteristics of the load iterations in order to prevent a 
divergence of the iterations during calibration data analysis and wind tunnel test applications. 

Four major factors are known to influence the convergence characteristics of the load iteration scheme 
that the Iterative Method uses for the prediction of balance loads from measured gage outputs: (i) the 
iteration equation choice, (ii) the load format, (iii) the gage output format, and (iv) the combined influence 
of the non-linear terms of the regression model of the gage outputs. In addition, to complicate matters 
further, experience has shown that often the combination of these influence factors and not a single factor 
by itself determines if load iterations converge or diverge. Therefore, a systematic study was performed at 
the NASA Ames Balance Calibration Laboratory to better understand the connection between the different 
influence factors and the convergence behavior of the load iterations. 

During the study it became clear that the four major influence factors can be reduced to two. This 
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simplification is possible because the load and gage output formats are directly linked to the existence of the 
“primary gage sensitivities” of the balance data set. In addition, the role of influence factor (iv) can easily 
be understood as, by design, the load iteration scheme iterates in the neighborhood of a linear guess of the 
final solution. Therefore, it only works if the combined contribution of all non-linear terms of the regression 
model of the gage outputs is very small when compared with contributions from the linear terms. 

In the next sections the remaining two influence factors, i.e., the iteration equation choice and the 
primary gage sensitivity, are discussed in more detail. Then, data from the calibration of a balance is used 
to illustrate the connection between the load iteration convergence and the two influence factors. 

II. Iteration Equation Choices 

The application of the Iterative Method in wind tunnel testing is supported by two load iteration equation 
choices. Either choice may be selected to predict wind tunnel balance loads from measured strain-gage 
outputs. Both iteration equation choices are constructed from the same global regression solution of the 
balance calibration data. Therefore, the two iteration equations will lead to the same predicted load values 
as long as the iterations themselves converge. 

Unfortunately, the load iterations do not always converge. Detailed investigations at the Ames Balance 
Calibration Laboratory showed that situations exist when only one of the two iteration equations leads 
to convergence. These investigations confirmed that the difference in the convergence behavior is directly 
related to a limitation that is hidden in one of the two iteration equations. It is necessary to compare 
individual components of each iteration equation in more detail to better understand this limitation. 

Table 1 below lists the two iteration equations that are used in the aerospace testing community. A 
detailed derivation of the iteration equation of the Primary Load Iteration Method , i.e., Eq. (1) in Table 1, 
may be found in Refs. [1] and [3]. The related derivation of the iteration equation used by the Alternate Load 
Iteration Method , i.e., Eq. (2) in Table 1, is given in Ref. [4]. For simplicity, the nomenclature introduced in 
Refs. [1], [3], and [4] in used in Table 1. 

Both iteration equations, i.e., Eq. (1) and (2), share a common assumption: the linear terms of the 
regression model of the strain-gage outputs are by far the most dominant terms. This assumption can be 
quantified by computing the so-called percent contribution of each term of the regression model of the gage 
outputs (the calculation of the percent contribution is explained in detail in the appendix). 

Table 1: Iteration equation choices of the Iterative Method. 


ITERATION METHOD 

ITERATION EQUATION 

Primary Load Iteration Method 

F , = 

c/ar 

constant 

- [c^Caj-H^ (1) 

changes for each iter, step 

Alternate Load Iteration Method 

F, = 

B^ 1 AR 

- B^Baj-F^-jB^CaJ-H^ (2) 

✓ v. y 

v v 

constant changes for each iteration step 


Comparing Eq. (1) with Eq. (2) it can be seen that each iteration equation has parts that depend on 
the load estimate of the previous iteration step and parts that are constant. Parts that depend on the load 
estimate of the previous iteration step are identified in Eqs. (1) and (2) by a subscript with the iteration 
step index £. The magnitude of these changing parts has to be significantly smaller than the magnitude of 
the constant parts for the iteration scheme to converge. Consequently, the convergence behavior of the load 
iteration process is directly connected with the magnitude of the constant part of the iteration equation. 

Equations (1) and (2) in Table 1 show the constant part of each iteration equation choice. The constant 
part is also the first load estimate when the iteration process starts. The constant part of the first iteration 
equation equals the product of the inverse of matrix Ci with the strain-gage output difference vector AR. 
Similarly, the constant part of the second iteration equation equals the product of the inverse of matrix 
Bi with the strain-gage output difference vector AR. Square matrix Ci and square matrix Bi consist 
of parts of the regression coefficient matrix C. Matrix C has the regression coefficients that are the result 
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of the regression analysis of the balance calibration data. Matrix Ci consists of all linear terms of the 
regression coefficient matrix C. Matrix Bi, on the other hand, consists of only the linear terms on the 
principle diagonal of the regression coefficient matrix C. All off-diagonal elements of matrix Bi are zero. 
Therefore, the linear terms on the principle diagonal of the regression coefficient matrix C must be the 
dominant regression model terms in order for the second iteration equation choice, i.e., Eq. (2), to converge. 
Fortunately, the first iteration equation choice, i.e., Eq. (1), does not have this limitation. 

Both the influence of terms on the principle diagonal of the matrix Bi and the convergence behavior of 
iteration equation (2) can directly be related to the existence of the primary gage sensitivities. Therefore, a 
new definition for the existence of the primary gage sensitivity of a balance calibration data set is discussed in 
the next section. This definition may be used to investigate the convergence behavior of the load iterations. 

III. Primary Gage Sensitivities and Calibration Data Format 

Studies performed by the author showed that the chosen combination of the load and gage output format 
of the balance calibration data set has a direct influence on the convergence behavior of the load iteration 
equations that are listed in Table 1. The selection essentially determines (i) which primary gage sensitivities 
of the balance gages exist and (ii) which iteration equation choice converges. 

In principle, the primary sensitivity of a balance gage is defined as the partial derivative of a primary 
balance load with respect to the corresponding gage output. This definition assumes, of course, that the 
physical behavior of the balance is dominated by first order linear terms. Consequently, primary gage 
sensitivities can often be approximated by the coefficients on the principle diagonal of the data reduction 
matrix. We get, for example, the following set of sensitivities for a force balance calibration data set that is 
given in force balance format: 

d Nl d N2 d SI d S2 d AF d RM 
d Rl 4 5 d R2 ’ d R3 5 ~dRA 5 d R5 ’ d R6 

The iteration equations, as indicated in the previous section, will only converge if matrices Ci and Bi 
use the dominant coefficients that are contained in the regression coefficient matrix C. The first (primary) 
iteration equation, i.e., Eq. (1), is structured such that this requirement is always fulfilled for a typical 
balance data set. Therefore, the first iteration equation and its convergence behavior are independent of the 
load and gage output format combination that is chosen for the calibration data analysis. 

The situation is different for the second (alternate) load iteration equation, i.e., Eq. (2). It assumes 
that the dominant term of the regression coefficient matrix C is identical with the values on the principle 
diagonal of the linear part of the matrix. These values are the inverse of the primary gage sensitivities. 

An important connection between the primary gage sensitivities and the load and gage output format 
combination of the calibration data exists that may be used to diagnose iteration convergence problems. 
This connection can be better understood if the different format choices are reviewed. Table 2 below shows 
typical load formats may be selected for the analysis of balance calibration data. 

Table 2: Balance load formats. 


FORMAT NAME 

LOAD COMPONENT LIST 

FORCE BALANCE FORMAT 

Nl, N2, SI, S2, AF, RM 

MOMENT BALANCE FORMAT 

PM 1, PM2, YM1, YM2, RM, AF 

DIRECT-READ FORMAT 

NF, SF, AF, PM, YM, RM 


The load formats can easily be transformed from one format to another by using load transformations 
that are listed in Ref. [6] for both a force and a moment balance. 

Table 3 below shows different gage output formats that can be defined by using (i) the load trans- 
formation given in Ref. [6] and (ii) an assumed near-linear relationship between original loads and gage 
outputs. The transformed gage outputs neglect small differences that may exist between the constants of 
proportionality of related load and gage output sets. 
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Table 3: Gage output formats. 


FORMAT NAME 

GAGE OUTPUT LIST 

FORCE BALANCE FORMAT 

Rl, R2, • • • , R6 

MOMENT BALANCE FORMAT 

111, 1Z2, ■ ■ ■ , 1Z6 

DIRECT-READ FORMAT (FORCE BAL.) 

R1 + R2, R1-R2, R3 + R4, R3 - R4, R5, R6 

DIRECT-READ FORMAT (MOMENT BAL.) 

112 -m, 1Z1+1Z2, 114-113, 113 + 114, 115, 116 


It is important to point out that the primary gage sensitivity of a balance gage only exists if the original 
(or transformed) gage output is directly proportional to the original (or transformed) balance load as the 
balance is traditionally assumed to be a first order linear device. For a force balance, for example, this means 
that the gage output R1 of the forward normal force gage is proportional to the normal force component N1 
at the forward normal force gage. This condition, of course, is fulfilled whenever a force balance is analyzed 
in its “design” load format, i.e., in force balance format. The condition is also fulfilled if a moment balance 
is analyzed in moment balance format, or, a direct-read balance is analyzed in direct-read format. 

The linear connection between load and gage output needs to be evaluated to determine if the related 
primary gage sensitivity exists. The following criterion is used at NASA Ames for that purpose: 

Empirical Criterion for the Non-Existence of the Primary Gage Sensitivity 

The primary sensitivity of a balance gage does not exist if one of two conditions is fulfilled: 

Condition 1 - The standard deviation of the linear fit of the gage outputs versus the corresponding 
primary gage load is greater than 5 % of the gage output range. Condition 2 - The difference between 
the linear estimate of the sensitivity and the value from the data reduction matrix is greater than 10 %. 


Ultimately, all balance loads need to be transformed to the direct-read format so that aerodynamic 
loads on a wind tunnel model can correctly be interpreted. This transformation takes place either before 
or after the balance loads are processed using the Iterative Method. In most cases, the transformation is 
applied after the completion of the load iteration so that calibration data of a balance can be processed in its 
“design” format. Some balance users, however, prefer to apply the transformation of the balance loads from 
the “design” format to the direct-read format before the regression analysis of the balance calibration data 
takes place. Then, gage outputs of a force balance, for example, are fitted as a function of transformed loads 
in direct-read format. Consequently, four of the six gage outputs of a six-component balance are no longer 
proportional to the primary gage load. In other words - four of the six primary gage sensitivities no longer 
exist as a result of applying the load transformation to direct-read format before the regression analysis 
of the calibration data is performed. Therefore, the Iterative Method will no longer converge if the more 
limited second (alternate) iteration equation choice (Eq. (2)) is used. The first (primary) iteration equation 
choice (Eq. (1)), on the other hand, is independent of the load transformation to direct-read format and will 
still converge. The situation changes again if the gage outputs are also transformed to direct-read format 
as outlined in Table 3. Then, all primary gage sensitivities exist again and both load iteration equations 
converge. Table 4 below summarizes the connection between load and gage output format, primary gage 
sensitivity, iteration equation choice, and the convergence behavior of the Iterative Method for a force balance. 

Table 4: Force Balance: Summary of load iteration convergence characteristics. 


LOAD 

FORMAT 

GAGE OUTPUT 
FORMAT 

PRIMARY LOAD ITER. 
METHOD CONVERGES ? 
(METHOD USES EQ.(l)) 

ALTERNATE LOAD ITER. 
METHOD CONVERGES ? 
(METHOD USES EQ.(2)) 

ALL PRIM. 
SENSITIV. 
EXIST ? 

Nl. 7V2, ••• 

Rl, R2, ••• 

YES 

YES 

YES 

NF, PM , • • • 

Rl, R2, ■■■ 

YES 

NO 

NO 

NF, PM , • • • 

Rl + R2, R1-R2, ■■■ 

YES 

YES 

YES 
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Table 5 summarizes the connection between load and gage output format, primary gage sensitivity, 
iteration equation choice, and the convergence behavior of the Iterative Method for a moment balance. 

Table 5: Moment Balance: Summary of load iteration convergence characteristics. 


LOAD 

FORMAT 

GAGE OUTPUT 
FORMAT 

PRIMARY LOAD ITER. 
METHOD CONVERGES ? 
(METHOD USES EQ.(l)) 

ALTERNATE LOAD ITER. 
METHOD CONVERGES ? 
(METHOD USES EQ.(2)) 

ALL PRIM. 
SENSITIV. 
EXIST ? 

PM 1, PM2, ••• 

m, K2, ••• 

YES 

YES 

YES 

NF, PM , • • • 

Kl, TZ2, ••• 

YES 

NO 

NO 

NF, PM , • • • 

n.2 - m, ni + K2, ■■■ 

YES 

YES 

YES 


A balance calibration data set example is discussed in the next section to illustrate the connection 
between the convergence of the Iterative Method and the existence of the primary gage sensitivities. 

IV. Discussion of Example 


A. General Remarks 

Data from the calibration of the NASA Ames MK40 balance was selected to illustrate the connection 
between the convergence behavior of the load iterations and the existence of the primary gage sensitivities. 
Figure 1 shows the MK40 balance. The MK40 is a six-component TASK balance that measures five forces 
and one moment (AT, N 2, 51, 52, AF, RM). It has a diameter of 2.5 inches and a total length of 17.31 
inches. Table 6 shows the load capacity of each load component. 

Table 6: Load capacities of the NASA Ames 2.5in MK40 balance. 



N 1, lbs 

N2, lbs 

51, lbs 

52, lbs 

AF, lbs 

RM, in-lbs 

CAPACITY 

3500 

3500 

2500 

2500 

400 

8000 


The calibration of the balance was performed using the “hand load” method. A total of 164 data points 
were taken in 16 load series. The balance loads were corrected for the weight of the balance shell, calibration 
body, and other hardware before the regression analysis started so that a common calibration data set could 
be used for the current investigations. Then, the tare corrected calibration data was analyzed using the 
different load and gage output format combinations that were listed in Table 2 and Table 3. A quadratic 
plus a simple absolute value term was chosen as the regression model for all data sets that were analyzed. 

B. Analysis Results for Loads and Outputs in Original Format 

In a first step the calibration data was processed in the original load and gage output format. Figure 2 
shows the strain-gage outputs R1 and R2 plotted versus the corresponding loads N 1 and N 2. In this case 
the linear connection between load and gage output is immediately apparent. Figure 3a shows the fitted 
regression coefficients of the six gage outputs. Figure 3b shows the corresponding percent contributions. It 
can clearly be seen that the six terms on the principle diagonal of the matrix dominate the regression model 
(they have a percent contribution of 100 %). 

Figure 4a shows the data reduction matrix that was derived for the Primary Load Iteration Method from 
the regression coefficient matrix shown in Fig. 3a. Figure 4b shows the result of the load iteration process. 
As expected, the iterations show excellent convergence. 

Figure 5a shows the data reduction matrix that was derived for the Alternate Load Iteration Method 
from the regression coefficient matrix shown in Fig. 3a. Figure 5b shows the result of the load iteration 
process. Again, as all primary gage sensitivities exist, the iterations show excellent convergence. 

C. Analysis Results for Loads in Direct— Read Format 

In the next part of the study the original balance loads were transformed from force balance to direct- 
read format. The load transformation was performed by using the following relationships (from Ref. [6]): 
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NF = 

N1 + N2 


(3a) 

PM = 

[N1 - N2] 

■ P / 2 

(36) 

SF = 

SI + S2 


(3c) 

YM = 

[51 - 52] 

• q/ 2 

( 3d) 

AF k RM 

=^> not transformed 

(3e) 


The gage outputs remained unchanged. Figure 6a shows the original outputs Rl and R2 plotted versus 
the transformed loads NF and PM. In this case the linear connection between load and gage output no 
longer exists. Therefore, the primary gage sensitivities of the two gages can no longer be defined. The same 
observation was made when the outputs R3 and RA were plotted versus the transformed loads SF and YM. 
The remaining two load components, i.e., AF and RM , were not transformed and still show a clear linear 
relationship to the corresponding gage outputs (see Fig. 6b). 

Figure 7a shows the fitted regression coefficients of the six gage outputs. Figure 7b shows the corre- 
sponding percent contributions. It can be seen that four of the six fitted gage outputs no longer have a 
single dominating term on the principle diagonal. Gage output Rl, for example, has a percent contribution 
of 100.00 % for NF and a percent contribution of 52.38 % for PM. 

Figure 8a shows the result of the load iteration process for the Primary Load Iteration Method. As 
expected, the iterations show excellent convergence because the convergence of the Primary Load Iteration 
Method is independent of the existence of the primary gage sensitivities. Figure 8b shows the result of the 
load iteration process for the Alternate Load Iteration Method. This time the iterations diverge because the 
convergence of the Alternate Load Iteration Method requires the existence of all primary gage sensitivities. 

D. Analysis Results for Loads and Gage Outputs in Direct— Read Format 

In the last part of the study both the original balance loads and the original gage outputs were trans- 
formed from force balance format to direct-read format. The load transformation are listed above. The 
corresponding gage output transformations to direct-read format can be summarized as follows: 


RV 

= Rl 

+ 

R 2 

(4a) 

R2' 

= Rl 

- 

R2 

(46) 

R 3' 

= R3 

+ 

R 4 

(4c) 

R 4' 

= R3 

- 

R 4 

(4 d) 

k R6 

=> 

not 

transformed 

(4e) 


Figure 9a shows the transformed outputs Rl' and R2' plotted versus the transformed loads NF and 
PM. Now, the linear connection between load and gage output exists and the primary gage sensitivities 
of the two gages can be defined. The same observation was made when outputs R3' and RY were plotted 
versus the transformed loads SF and YM. 

Figure 9b shows the percent contribution of the fitted regression coefficients of the six gage outputs. It 
can be seen that all six fitted gage outputs have a single dominating term each on the principle diagonal. 
All off-diagonal terms have a significantly smaller influence on the fitted gage outputs. 

Figure 10a shows the result of the load iteration process for the Primary Load Iteration Method. Fig- 
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ure 10b shows the result of the load iteration process for the Alternate Load Iteration Method. As expected, 
both iteration methods show excellent convergence because all primary gage sensitivities of the balance exist 
in the chosen load and gage output format. 

V. Summary and Conclusions 

The connection between the existence of the primary gage sensitivities and the convergence of the 
iteration equation choices used by the Iterative Method was investigated. First, basic elements of the two 
iteration equation choices, i.e., Eqs. (1) and (2), were reviewed. Then, an “empirical” criterion was presented 
that may be used to determine wheather or not the primary gage sensitivities of a balance calibration data 
set exist. Finally, the convergence characteristics of the two iteration equation choices were compared for 
different combinations of load and gage output formats. Data from the calibration of a force balance was used 
to demonstrate important connections between the format combinations and the convergence characteristics. 

The study illustrated that both load iteration equations converge for typical balance calibration data 
sets as long as (i) all primary gage sensitivities exist, (ii) a good regression model is used for the analysis of the 
gage outputs, and (iii) the combined influence all non-linear terms is small when compared with the linear 
terms. It was also shown that the iteration equation of the Primary Load Iteration Method , i.e., Eq. (1), is 
more widely applicable and less restricted than the iteration equation of the Alternate Load Iteration Method , 
i.e., Eq. (2). Only the iteration equation of the Primary Load Iteration Method , for example, will converge 
if not all primary gage sensitivities of a data set exist. This situation typically occurs whenever a force or 
moment balance calibration data set is analyzed in direct-read format using the original gage outputs. 
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Appendix — Definition of the Percent Contribution 


The percent contribution describes the contribution of each term of the regression model of the gage 
outputs to the total fitted value, expressed as a percentage of the contribution of the principle diagonal term. 
It is used to assess the degree of linearity of the regression model of the gage outputs. In addition, some 
analysts use the “empirical” percent contribution threshold of 0.05 % to identify terms in the model that 
make a very small contribution to the fitted gage outputs. 

The percent contribution is defined as the ratio of two numerical values. This ratio is expressed as a 
percentage. The percent contribution only depends on (i) the known capacities of the load components of 
the balance and (ii) the regression coefficients that are the result of the regression analysis of the balance 
calibration data. For convenience, the regression coefficient nomenclature introduced in Ref. [1], Eq. (3.1.3), 
may be used to illustrate the calculation of the percent contribution. Then, the first numerical value can be 
expressed as the product of the regression coefficient of the primary linear term “61(i,i)” of the regression 
model of the gage output with the capacity u K(i )” of the related balance load component. We get: 

Q(i) = 61 (M) ' K(i) (5) 

Equation (5) defines the reference value that is used to investigate the linearity of the regression model 
of the gage output. It is the denominator of the ratio that defines the percent contribution. The numerator 
of the ratio, on the other hand, is the product of the investigated regression coefficient with the related 
regressor variable value that is obtained by using the load capacities as applied loads. Now, the percent 
contribution of the ten math term type groups defined in Ref. [1], Eq. (3.1.3), can be summarized as follows: 


P(i,b 1) 

= 100 

% • 

[ bl{i,j) ■ 

K(j) ] 

/Qii) 


(6a) 

P(i,b 2) 

= 100 

% • 

[ b2{i,j) • 

\K{j)\ } 

/Q(i) 


(66) 

P(i,d) 

= 100 

% • 

[ cl(i,j) ■ 

K{j) 2 } 

/ Q(i) 


(6c) 

P{i,c 2) 

= 100 

% • 

[ c2(i,j) ■ 

K{j) • 

\K(j)\ } / 

Qii) 

(6d) 

P(i, c3) 

= 100 

% • 

[ c3(i,j, k) 

• K(j) 

• K(k) } 

/Qii) 

(6e) 

P(i, c4) 

= 100 

% • 

[ c4(i,j, k) 

■ 1 K(j) 

■ K(k) | ; 

I / Qii) 

(6/) 

P(i,c 5) 

= 100 

% • 

[ c5(i,j, k) 

• K{j) 

• mk )\ : 

\ / Qii) 

(%) 

P(i, c6) 

= 100 

% • 

[ c6(i,j,k ) 

• \K{j)\ • K(k) 

] / Qii) 

(66) 

P(i,d 1) 

= 100 

% • 

' [ dl(i,j) ■ 

K{jf 

] /QH) 


(6i) 

P(i,d2) 

= 100 

% • 

[d2(i,j) ■ 

\K{jf 

1 ] / Qii) 


( 6j) 


where j = 1, • • • , n and k = j + 1, • • • , n. The numerator of the percent contribution, i.e., Q(i), depends on 
the gage output index i. It changes whenever the index of the gage output changes during the calculation 
of the percent contribution. 
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Fig. 1 NASA Ames 2.5in MK40 Task Balance. 



-3500. 


0 . 

NO, lbs (LOAD) 


3500. 



-3500. 0. 3500. 

N2, lbs (LOAD) 


Fig. 2 Force Balance Format: Original gage outputs R1 & R2 versus original loads N1 & N2. 
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index 


TERM 


R2 


R3 


R5 


R6 




AF 

7 

RM 

8 

{Ml 1 

9 

\m 

10 

is 1 1 

1 1 

IS2I 

12 

lAFl 

13 

fRMl 

14 

N1-N1 

15 

N2+N2 

16 

S1*S1 

17 

S2-S2 

18 

AF*AF 

19 

RM*RM 

20 

n 1 * In 1 1 

21 

M2-IN2I 


-1,9224486+01 
+ 3 “98756-“ 
-8,0529996-03 
| -5.102893*: -04 
-7,3164356-05 
-1, 2228766 -03 
^5.5651 76e-0^ 
*2.4686936-03 
+ 1. 65975 le-03 
— 2,3lQ307e-03 
-7.722589e-04 
+2.5558536-04 
-1,0717926-03 
+ 2.6 M 6436-07 
+ l,026869e-07 
+4,6147336-07 
+ 1.7962576-07 
-6.6874696-08 
+5,5766456-00 
0 
0 


-1.979655e+00 
“4“47“e-“ 
+3.7492406 -01 
+2.989338e-G3 
+ 1 .0653536-03 
-2. 752737c -03 
^4.83389^-0^ 
+ 1.240M6e-03 
+3.4010116-03 
- 1 .22421 3e-03 
-1.338246e-03 
+ 7.4491 7 7e-04 
-0.0557276-04 
+9.736681 e-08 
+4.813209e-07 
+2.7046766-07 
+2. 576804c -07 
-5.439639e-07 
+2.9023416-08 
0 
0 


-1,20O2O7e+OO 

™6.“49“e-“ 

+ 1.1275806-03 
+4.9056456-01 
-6.980920e-03 
+ 1.059689e -03 
+3.S06564e-03 
-2.4531 65e-03 
-5.2041716-04 
+8 8939026-03 
+ 1. 558183c— 03 
-1.2831346-03 
+3,5192636-03 
-2.1 187736-10 
-8.2435436-08 
+ 1,2357736-06 
+ 1. 21909 4e-08 
+6.6816036-07 
-2,8914666-07 
0 
0 


-5,6919596+01 
" 2 “ 2 “e “5 

+ 1,8337336-03 
-2,192791e-02 
+5.0307036-01 
-1,2042656-04 
+4. 305428c- 03 
-1.524990e-03 
-2.9343836-03 
+ 1.4221806-03 
+ 1.001762e-02 
-1.70l272e-03 
+ 1,6144666-03 
+4.8790736 -07 
+8.0356176-07 
-1,1l3469e-D7 
+ 1 .81 1 7B8e-06 
-7.4297866-07 
-1,1387286-07 
0 
0 


-1.3886726+02 
"4“2o 756“3 
-2,8020716-03 
-2,91 1016e-03 
+5.49961 16-03 
+3. 5 69034c +00 
^2.9^9876-0^ 
+3.454394e-03 
—6.0O7340e-O4 
+ 1.1435276-03 
+ 2.602182e-03 
+5.455305e-03 
-2.71031 3C-04 
-1.1 7627 1e-06 
+ l.l92456e-06 
-5.5891506-07 
- 2.354 179e-06 
-9.4360078-06 
+3.0351 19e-07 
0 
0 


-1,967865e+0l 
"- l“ 9565 e “ 4 1 
-3,0640646-04 
+ 4.843241 e-04l 
-3.503774e-04| 
+ 1.309444e-02| 
^1 636l23e-0r 
+3,44281 le-04 
+6.8899186-05 
-3,0312826-04 
-2, 86 504 2e- 04 
-5.794627e-04 
+ 1,B49764e-04 
-6,251 368e-08 
-3,8377316-08 
+9,45 324 4c - 08 
+4, 89 7884e - 08 
+ 1,086444e-06 
-1.6763216-08 
0 
0 


Fig. 3a Force Balance Format: Regression coefficient matrix of gage outputs R 1 to R 6 . 


INDEX 

TERM 

1 

intercept 

2 


3 

N2 

4 

SI 

5 

S2 

6 

AF 

7 

RM 

8 

IN 1 1 

9 

IN2I 

10 

ISTI 

1 1 

1521 

12 

IAFI 

13 

IRM1 

14 

N1-N1 

15 

N2+N2 

16 

S1*S1 

17 

52+52 

18 

AF*AF 

19 

RM*RM 

20 

Nl-lNl 1 

21 

N2+1N2I 


-1-59 is 
+ 100.00 Z 
-2.33 £ 
-0.11 % 
-0.02 X 
-0.04 % 
+0.37 X 
+0,71 % 
+0.48 % 
-0-48 % 
-0.16 % 
+0.01 % 
-0.71 % 
+0.26 % 
+0.10 X 
+0.25 % 
+0,09 X 
-9. lQe-04 % 
+0.29 X 
0 
0 


-0,15 % 
-10.95 % 
+ 100.00 % 
+ 0.57 % 
+0.20 % 
-0.08 X 
-0.29 % 
+0,33 % 
+0.91 % 
-0,23 35 
-0,25 % 
+0.02 % 
-0.49 % 
+0.09 % 
+0.45 Z 
+0.13 % 
+0.12 Z 
-0.01 % 
+0.14 Z 
0 
0 


R3 


- 0,10 z 

+ 1.81 X 
+0.32 % 

+ 100.00 % 
-1.42 % 
+0.03 X 
+2.48 % 
-0.70 % 
-0.15 % 

+ 1.81 Z 
+0.32 % 
-0.04 Z 
+2.30 % 
-2.11e-04 % 
-0.08 % 
+0.63 X 
+0.01 % 
+0.01 X 
-1.51 X 
0 
0 


R4 


-4.52 X 
-0.01 X 
+0.51 X 
-4,35 X 
+ 100,00 % 
-3.826-03 X 
+2.7J X 
-0.42 % 
-0.82 X 
+0.28 % 

+ 1.99 X 
-0.05 X 
+ 1.03 % 
+0.47 X 
+0.78 X 
-0.06 X 
+0.90 X 
-0.01 X 
-0.58 X 
0 
0 


R5 

-9.73 % 

+ 1.17 % 
-0.71 X 
-0.51 X 
0.96 X 
+ 100 00 X 
+ 1.68 % 
+0.85 % 
-0.17 % 
+ 0.20 % 
+0.46 % 
+0.15 X 
-0.15 X 
-1.01 X 
+ 1.02 X 
-0.24 X 
-1.03 X 
-0.11 X 
+ 1.36 X 
0 
0 


R6 

-1.50 X 
-0.03 X 
-0.10 X 
+0.09 X 
-0.07 X 
>•0.40 X 

+ 100.00 z 

+0.09 % 
+0.02 X 
-0.06 % 
-0.05 % 
- 0.02 X 
+0.11 Z 
-0.06 X 
-0.04 X 
+0.05 X 
+0.02 X 
+0.01 X 
-0.08 % 
0 
0 


Fig. 3b Force Balance Format: Percent contribution of regression coefficients of gage outputs. 
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INDEX 

TERM 

N1 

N2 

SI 

52 

AF 

RM 

1 

INTERCEPT 

-1,9224406+0! 

-1.0796556+00 

-1. 2S0207e +00 

-5.9919596+01 

-t. 3886726 +02 

-1.9970056+01 




MATRIX 

DO fClINVl — 
-3.8261 i4e-02 




- 

fll 

+2.897594e+00 

+3.1752796-01 

-2.699762e-03 

-3.663640e-03 

+2.99i686e-03_ 


R2 

| +9 2229106 - 02 

+2.674 129e+0O 

-7.1475446-03 

-1.0092216-02 

+2.09040U-03 

+9.1981236-03 



k + 7.fifi4fcFl6s-03 

- 1.62 209 7e-02 

+ 2.0397796 + 00 

+5.8579896-02 

+ 1.5151096-03 

-6.005678e-03 | 

rv-ip 





r* +3.075644e-04 

-5,851019e-03 

+2.8241 31 e-02 

+ 1.9958-506+00 

-3.0458356 - 03 

+4.3992016-03 - 


R5 

| + 1.075B46e-03 

+2.1490976-03 

-4.4699236-04 

+ 2.3131296-04 

+ 2.8020626-01 

—2.24 18266-02 1 

■ 

R6 

L -9.76l9lDe-03 

+ 7.3126736-03 -4. 808297,; -02 

maTr™ oTH[i^FToF^b]™ ■ 

-5.434998e-02 

- 5.06063 7e- 03 

+ 6.U245le + 00| 

j 2 

N1 

0 

0 

0 

0 

0 

0 

i 3 

M2 

0 

0 

0 

0 

0 

0 

4 

Si 

0 

0 

0 

0 

0 

o 

| 5 

S2 

0 

0 

0 

O 

0 

0 

i 6 

AF 

0 

0 

0 

0 

0 

0 

| 7 

RM 

0 

0 

0 

0 

0 

0 




•— MATRIX D2 [C1SNVC2] -■ 




8 

INI) 

+7.2237006-03 

+4.1596456-03 

-5.16B399e-03 

-3.2535316-03 

+ 9.606641e-04 

+2.0500446-03 

9 

IN2I 

+ 5.017222e—03 

+ 9.6464 lOe- 03 

-1.2352286-03 

-5.9162056-03 

-1.8196496-04 

+4.5293256-04 

ID 

SSI! 

-9.7421026-03 

-4.1596386-03 

+ T ,929297e-02 

+ 3.6500566-03 

+3.3701826-04 

-1.940t37e-03 

11 

fS2l 

-2.3091 37e-03 

-3.9042406-03 

+35129806-03 

+ 2.0063746-02 

+7.024915e-04 

-1.7854596-03 

12 

IAFI 

+ 7.9457236-04 

+ 2.1110916-03 

-2.6l4240e-03 

-3.466 189e-03 

+ 1.5354246-03 

-3. 65B760e -03 

13 

IRMI 

-3.1479696-03 

-2.56029 1e-03 

+7.2621006-03 

+3-5197066-03 

-7.4215356-05 

+ 1.1145116-03 

! 14 

N1-N1 

+7.6230116-07 

+3.374620e-07 

+ 6.1904996-09 

+9.70329Se-07 

-3.3152286-07 

-3.5221036-07 

| 15 

N2*N2 

+3.201907e-07 

+ 1.3196386-06 

-1.5l5l32e-07 

+ 1. 555653e -06 

+3.3238056-07 

-2.539963e-Q7 

j 16 

SI-SI 

+ 1.4136796-06 

+B.562425e-07 

+2.4929096-06 

-1.2057946-07 

-1.5907996-07 

+5.8555746-07 

17 

52-S2 

+5.3467516-07 

+7.306706e-07 

+ 6.6008996-08 

+ 3.5927286-06 

-6.655262e-07 

+ 3.621572e-07 

10 

AF-AF 

- 2.5262 60e- 07 

-1. 4953266 -06 

+ 1.3004346-06 

-1.471612e-06 

-2,9473546-00 

+9.8415386-00 

i 19 

RM*RM 

+ 1.6313726-07 

+ 1.012123e-07 

-5.946825e-07 

-2.5129596-07 

+8.4S955 1 e-08 

“1. 076B64e- 07 

20 

HI -INI 1 

0 

0 

0 

0 

0 

0 

21 

N2-IMZI 

0 

0 

0 

0 

0 

0 


Fig. 4a Force Balance Format: Data reduction matrix for Primary Load Iteration Method. 



Fig. 4b Force Balance Format: Iteration result for Primary Load Iteration Method (Eq. (1)). 
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INDEX 

TERM 

Ml 

N2 

Si 

S2 

AF 

RM 

1 

INTERCEPT 

-1.9224409+01 

- 1 ,9796559+00 

— 1 .28020/6+00 

—5.69 1 959e + 01 

- 1 .3886729+02 

** 1 .9670659+01 


R1 

^+2.0902709+00 

MATRIX 

0 

DO [BlINVl 

0 

0 

0 

0 1 ! 


R2 

1 0 

+2.667207e+00 

0 

0 

0 

0 * 



_W _ 0 

0 

+ 2.038468e+00 

o 

o 

0 I 



m\ 


+ 1 .904 638a + 00 


1 



T 1 o 

0 

O 

0 

0 1 


R5 

1 0 

0 

0 

0 

+2.S01 879e-0l 

0 


R6 

L _ _ _ 

0 0 
MATRIX 01 [B1INV62f^- 

0 

0 

+6.1 120096+00| 

2 

N 1 

0 

-1.0948336 -01 

+ 1.2934039-02 

-5,0848759-05 

+ 1.3426649-03 

-6.3530329-04 

3 

N2 

-2,32754 la-02 

0 

+2.2985366-03 

+3.639295e-03 

-8.0752146-04 

-2.36l7l9e-03 

4 

SI 

-1,4748786-03 

+7.973i84e-03 

0 

-4.3518956 - 02 

-0 1563149-04 

+2.9601 9 3«-03 

5 

S2 

-2,1140539-04 

+2.8415186-03 

- !.423038e-02 

0 

+ T.540924e-03 

-2.1415096-03 

6 

Af 

-3.534453e-03 

-7.3421 196-03 

+2.1601416-03 

-2,3900296 - 04 

0 

+0,0033319-02 

7 

RM 

+ 1 ,60049 1 9-03 

-1,2893006-03 

+7,7595609-03 

+8,5447l4e-03 

+8.3831849-04 

0 




MATRIX 02 [BUN VC 2] -■ 




6 

INTI 

+7.l35209e-G3 

+3 3077256-03 

-5.0006999-03 

-3,O26552e-03 

+9.6787939-04 

+ 2. 1 042499-03 

9 

lN2t 

+ 4,797 1 42«— Q3 

+ 9.0712016-03 

-l.060854e-03 

-5.8236876-03 

-1. 9074766-04 

+ 4.21 11246-04 

10 

3Sil 

-6, 677428s -03 

-3.2652296-03 

+ 1.8129939-02 

+ 2.8225129-03 

+3,2040249-04 

-1.8527229-03 

11 

1S2I 

-2,232043e-C3 

-3,5693786-03 

+31763076-03 

+ 1.9881346-02 

+7.2909986-04 

-1.7511169-03 

12 

lAFt 

+7.387 125e-04 

+ 1.9068506-03 

-2,5740596-03 

”3,3704006-03 

+ 1.5205106-03 

-35416019-03 

U 

\m\ 

-3,097777s-03 

-2,1486296-03 

+ 7J73905e-03 

+3.2041306-03 

-7. 593969c -05 

+ 1.1305779-03 

14 

N1*N1 

+ 7 ,548375*— 07 

+ 2.5969746-07 

-4.3149746-10 

+9,6831936-07 

-3,2957696-07 

-3,8200419-07 

15 

N2*N2 

+2.967937e-07 

+ 1,2837836-06 

-1.6S0420e-07 

+ 1,5947796-06 

+3.3411169-07 

-2.3456249-07 

16 

snsi 

+ 1 .391 592*— 06 

+ 7.2139306-07 

+2.5190046 - 06 

-2,2098326-07 

-1.5660146-07 

+ 5,7770319-07 

17 

S2*52 

+ 5-1974029-07 

+ 6.8720716-07 

+ 2.4850056- 08 

+ 3.5957429-06 

-6,5961259-07 

+ 2.9935919-07 

18 

AF.AF 

-l.990670e-07 

- 1 .4508649-06 

+ 1.3620409-06 

-1,4745439-06 

-2.6440799-06 

+6.6403549 -05 

19 

RM + RM 

+ 1,6123846-07 

+ 7,741 1456-00 

-5894 1616-07 

-2,259963e-07 

+8.5040366-08 

-1.0245699-07 

20 

mi* In i 1 

0 

0 

0 

0 

0 

0 

21 

N2*IN2I 

0 

0 

0 

O 

0 

0 


Fig. 5a Force Balance Format: Data reduction matrix for Alternate Load Iteration Method. 



Fig. 5b Force Balance Format: Iteration result for Alternate Load Iteration Method (Eq. (2)). 
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Fig. 6a Direct-Read Format: Original gage outputs R1 & R2 versus transformed loads NF & PM. 
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R2 


- 1^3088146+00 
+3.741031*-G3 
+5, 795458c -04 


-04 ^+3^806550*^03 ^+4^5434*-03 ^+2^99 1 991 e-03 



^-S-SBaSgSe+DI 
+9. 008265* -04 
-2.067612*- 04 
+2. 409373* -01 

- 7.5098 15b~ 
-1. 333567b- 04 
+4. 305434*- 03 

2.87359 1 e— 03 
+2. 287 ? 63*- 04 
+6. 297408b- 03 
-3.51 0335b- 04 

- 1. 66309 3e- 03 
+ 1.63609 9 b- 03 
+7.9 78635b- 07 
-1.827 7 30b- 08 
+ 1.407870B-07 
+8 86409 9b- 08 
-4.439741b- 07 

- 1.202040b- 07 

0 

0 


-1 1 3S75 i 05e+ i 02 
+9,371567*-04 
+8. 526572* -04 
+ 1,290166e-03 
-1,1 9867 1 b-03 
I +3,569029* +00 
+2.991991B-03 
1.131 lB5e-03 
+ 8. 767747b - 04 
+ 1 .690368a -D3 
- 1 .757340a -05 
+4.512896e-03 
-7.996367e-06 
+1.6691 53e-06 
-1.22l898e-07 
-4.9834218-07 
-7.000575e-08 
-7.7895098-06 
+2. 806873a -07 
0 
0 


^1.9687^* +01 
-2.435714*-04 I 
+3.132696*-05 | 
+6.7011776-05 
+ 1.1912866-04 
] +1.3094456 -02 | 


+ 1 .6361 


23e- 


+4.265002** 
-7.678147*- 
-3.502368*- 
+3,026453*- 
-5.098529*- 
+ 1.62 312*- 
-1,597791*- 
+8.912752*- 
+8,599738*- 
-3,216691*- 
+9.626368*- 
-1.478096*- 
0 
0 


Fig. 7 a Direct-Read Format: Regression coefficient matrix of gage outputs R1 to R6. 


index 

TERM 

R1 

R2 

i 

INTERCEPT 

- 1.63 % 

+0,27 % 

2 

NF 


+ 100.00 % 


- 1 60.53 % 

3 

PM 


+52.38 X 


+ 100.00 % 

4 

SF 

-0.13 % 

-1.39 % 

5 

YM 

-0.04 % 

-0,33 % 

6 

AF 

-0.04 % 

+0,15 % 

7 

RM 

+0,38 35 

+0.53 % 

8 

INFS 

+ 1.31 % 

-2.Q3 % 

9 

iPMf 

-0.06 % 

-0,16 % 

10 

I5FI 

-0.64 % 

+ 1,02 % 

1 1 

1YM| 

-0.02 % 

-0,10 % 

12 

1AF1 

+0,01 % 

-0,04 % 

13 

IRMI 

-0.73 % 

+ 0.86 % 

14 

MF*MF 

-0.73 % 

+0-41 % 

15 

PM- PM 

+0.41 % 

-0,48 % 

16 

Sf*SF 

+0.71 % 

-1,26 % 

17 

YM*YM 

+0.01 35 

+0,14 % 

18 

AF-AF 

-l,89*-03 % 

+0.01 % 

19 

RM*RM 

+0.31 % 

-0,24 % 

20 

NFtlNFl 

0 

0 

21 

PMaPMl 

0 

0 


R3 


R4 


R5 


R6 


-0,11 % 
+2.17 % 
+0.75 % 

+ 100.00 % 
+ 51.43 % 
+0,03 % 
+2.52 % 

-0.56 % 
-0.23 % 

+ 2.47 % 
-0.18 % 
-0.03 % 


+8.66 % 
-0.96 35 
+0.50 % 

-183,33 % 
+ 100.00 % 
+ 0.01 % 
-5.24 35 

+3.06 % 
-0.55 % 
-4.79 % 
+0.47 % 
+0.11 % 


-9.72 % 
+0,46 35 
+0.94 % 
+0.45 ?5 
-0.73 % 
+ 100,00 % 
+ 1,68 % 
-0.55 % 
+0.97 % 
+0.59 % 
- 0.01 % 
+0.13 % 


-1,50 % 
-0.13 % 
+0.04 % 
+0.03 % 
+0.08 % 
+0.40 % 
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Fig. 7b Direct-Read Format: Percent contribution of regression coefficients of gage outputs. 
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Fig. 8a Direct-Read Format: Iteration result for Primary Load Iteration Method (Eq. (1)). 



Fig. 8b Direct-Read Format: Iteration result for Alternate Load Iteration Method (Eq. (2)) 
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837 . 




Fig. 9a Direct-Read Format: Transformed gage outputs R1 + R2 and R1 — R2 versus transformed loads NF & PM. 
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Fig. 9b Direct-Read Format: Percent contribution of regression coefficients of transformed gage outputs. 
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